MIFP-08-24 



Three-Dimensional J\f > 5 Superconformal Chern-Simons Gauge 

Theories And Their Relations 

Tianjun Li^'^ 

^Institute of Theoretical Physics, Chinese Academy of Sciences, Beijing 100080, P. R. China 
^George P. and Cynthia W. Mitchell Institute for Fundamental Physics, 
Texas AkM University, College Station, TX 77843, USA 
(Dated: October 13, 2008) 

Abstract 

We propose three-dimensional = 6 superconformal U{N) x U (M) and SU (N) x SU (N) 
Chern-Simons gauge theories with two pairs of bifundamental chiral superfields in the (N, M) 
and (N, M) representations and in the (N, N) and (N, N) representations, respectively. We also 
propose the superconformal U{1) x U{1) gauge theories that have n pairs of bifundamental chiral 
superfields with C/(l) x U{1) charges (±1,=f1) or (±1,±1). Although these U{1) x U{1) gauge 
theories have global symmetry SU{2n), the R-symmetry is S0{6) for n = 2, and might be SO{2n) 
or 50(271- + 1) for 3 < n < 8. In addition, we show that from either the generalized ABJM theories, 
or our U{N) x U (M) theories, or the M = 5 superconformal 0{N) x U Sp{2M) gauge theories, 
we can derive all the M > 5 superconformal Chern-Simons gauge theories except the M = 5 
superconformal G2 x USp{2) gauge theory and our ^7(1) x U{1) gauge theories with n 7^ 2 and 
4. Furthermore, we derive the three-dimensional = 8 superconformal ^7(1) x U{1) gauge theory 
from the BLG theory, and study the corresponding moduli space. With the novel Higgs mechanism 
in the unitary gauge, we suggest that it describes a D2-brane and a decoupled D2-brane. 

PACS numbers: 04.65. +e, 04.50.-h, 11.25.Hf 
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I. INTRODUCTION 



A Lagrangian description for the worldvolume of multiple M2-branes is very important to 
understand the M-theory. Especially, the superconformal field theory on the worldvolume of 
multiple M2-branes is dual to the M-theory on AdS^ x S*^ in the AdS / CFT correspondence. 
The superconformal Chern-Simons gauge theories without Yang-Mills kinetic terms have 



been studied for this purpose pj, but, they did not have enough supersymmetry. Along 
this approach, Barger and Lambert , as well as Gustavasson (BLG) have success- 
fully constructed three-dimensional Af = 8 superconformal Chern-Simons gauge theory with 
manifest 5*0 (8) R-symmetry based on three algebra. And then there is intensive research 
on three-dimensional superconformal gauge theories and their relations to the low energy 
theory on M2-branes 0,0, 0, H, S, Q, [ill, Q- Although the BLG theory is expected to de- 



scribe any number of M2-branes, its gauge group can only be SO {4) for the positive definite 



metric [9|, [101, 111]. At the Chern-Simons level one, the BLG SO (4) gauge theory describes 
two M2-branes on a i?V^2 orbifold 0, H]. 

To generalize the BLG theory so that it can describe an arbitrary number of M2-branes, 
Aharony, Bergman, Jafferis and Maldacena (ABJM) have constructed three-dimensional 
A/" = 6 superconformal Chern-Simons gauge theories with groups U{N) x U (N) and SU{N) x 
SU (N ) Il3| fFor Chern-Simons gauge theories with Af = 3 and 4 supersymmetries, see 
Refs. |lj, [l5|). Using brane constructions they argued that the U{N) x U{N) theory at 



Chern-Simons level k describes the low-energy limit of M2-branes on a C^/Zk orbifold. 
In particular, for k = 1 and 2, ABJM conjectured that their theory describes the M2- 
branes respectively in the flat space and on a /Z2 orbifold, and then might have Af = 8 
supersymmetry. Especially, the SU(2) x SU{2) theory has enhanced 50(8) R-symmetry 
and is the same as the BLG theory 13||. And it was proposed that the U{2) x U{2) th eory 
might also have the enhanced A/" = 8 supersymmetry at Chern-Simons level one and two |16 |. 
Moreover, the ABJM theories can be easily generalized to have the U{N) x U{M) gauge 
symmetry [l3, 17]. Thus, in this paper, we will define the ABJM theories as the generalized 
ABJM theories that can have gauge groups U{N) x U{M) or SU{N) x SU{N). In addition, 

5 and 6 supersymmetries have 
2l| : the gauge groups for Af = Q supersymmetry are 
SU{N) X SU{N), U{N) X U{M), and U{1) x USp{2Ny, and the gauge groups for AT = 5 
supersymmetry are 0{N) x USp{2M) and G2 x USp{2). We would like to emphasize that 
for all the Af = Q superconformal U{N) x U(M) and SU (N) x SU{N) Chern-Simons gauge 
theories that have been constructed so far 13|, ll7|, [lOj, there are two pairs of bifundamental 



the superconformal Chern-Simons gauge theories with Af 
been classified recently 



19 



201, 



chiral superfields in the (N, M) and (N, M) representations, and in the (N, N) and (N, N) 
representations, respectively. 
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As we know, the gauge symmetry for stacks of D-branes in Type II theories is U{N). 
With orientifold actions, we can obtain the SO{M) or USp{2N) gauge symmetry for the 
D-branes on the top of orientifold planes via orientifold projections. Moreover, from the 
SO{M) or USp{2N) gauge symmetry for the D-branes on the top of orientifold planes, we 
can obtain back the U{N) gauge symmetry by putting the same number of D-branes on 
all the orientifold images (for an example, see Ref. [2^). Therefore, it seems to us that 
the generic three-dimensional A/" > 5 superconformal Chern-Simons gauge theories may be 
derived from the A/" = 6 superconformal U{N) x U{M) gauge theories and the A/" = 5 
superconformal 0{N) x USp{2M) gauge theories. 

In this paper, we first propose the three-dimensional A/" = 6 superconformal U{N) x U{M) 
gauge theories with two pairs of bifundamental chiral superfields in the (N, M) and (N, M) 
representations, and the Af = 6 superconformal SU{N) x SU{N) gauge theories with two 
pairs of bifundamental chiral superfields in the (N, N) and (N, N) representations. For our 
SU{N) X SU{N) theory, we obtain the BLG theory when N = 2. Moreover, we propose 
the superconformal U{1) x U{1) gauge theories that have n pairs of bifundamental chiral 
superfields with the f/(l) x f/(l) charges (-1-1, —1) and (—1, or the U{1) x f/(l) charges 
(-1-1, -|-1) and (—1, —1)- These theories have global symmetry SU{2n), and it seems to us 
that the R-symmetry is 5*0(6) for n = 2, and might be S0{2n) or S'0(2?2-|-l) for 3 < n < 8. 

With the similar mechanism for Wilson line gauge symmetry breaking, we show that 
in the ABJM U{N) x f/(M) theories and our U{N) x f/(M) theories, the A/" = 6 super- 
conformal U{N') X U{M') Chern-Simons gauge theories can be obtained from the A/" = 6 
superconformal U{N) x U (N) Chern-Simons gauge theories, and the Af = 6 superconformal 
U {N') X U{N') Chern-Simons gauge theories can be obtained from the Af = 6 superconfor- 
mal U{N) X U{M) Chern-Simons gauge theories, where N' <N,M'< N, and A^' < M. In 
addition, we prove that the Af = 5 superconformal 0{N) x USp{2M) Chern-Simons gauge 
theories can be derived from the ABJM U{N) x U{2M) theories and our U{N) x U{2M) 
theories. Also, both the ABJM U (N) x U (M) theories and our U (N) x U{M) theories can be 
derived from the Af = 5 superconformal 0{2N) x USp{2M) Chern-Simons gauge theories. 
Moreover, we point out that the Af = 5 superconformal 0(2) x USp{2N) gauge theories 
have enhanced 5*0(6) R-symmetry, and become the Af = 6 superconformal U{1) xU Sp{2N) 
gauge theories. And it seems to us that the A/" = 5 superconformal G2 x USp{2) Chern- 
Simons gauge theory might be obtained from the Af = 5 superconformal 0(7) x USp{2) 
Chern-Simons gauge theory since G2 is a special maximal subgroup of 5*0(7). 

Furthermore, we derive the three-dimensional A/" = 8 superconformal U{1) x f/(l) 
gauge theory from the BLG theory, which can be considered as our above superconformal 
f/(l) X f/(l) gauge theory with four pairs of chiral superfields whose ?7(1) x f/(l) charges are 
(-1-1, —1) and (—1, -|-1). And the moduli space has been studied in details. With the novel 
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Higgs mechanism in the unitary gauge, we show exphcitly that this theory may describe a 
D2-brane and a decoupled D2-brane, and we present the concrete physics picture as welL 
Although the R-symmetry in our theory should be 5*0(8), the global symmetry is indeed 
SU{8). We emphasize that this superconformal U{1) x f/(l) gauge theory is different from 
the ABJM f/(l) X f/(l) theory since we have eight bifundamental chiral superfields. 

This paper is organized as follows. In Section II, we propose the three-dimensional 
A/" = 6 superconformal U{N) x U{M) and SU{N) x SU {N) gauge theories, and the A/" > 6 
superconformal U{1) x f/(l) gauge theories. In Section III, we study the relations among 
the A/" > 5 superconformal Chern-Simons gauge theories. In Section IV, we consider three- 
dimensional Af = 8 superconformal U{1) x U{1) gauge theory in details. Our discussion and 
conclusions are given in Section V. 



II. NEW THREE-DIMENSIONAL SUPERCONFORMAL CHERN-SIMONS 
GAUGE THEORIES 

In this Section, we will propose the three-dimensional A/" = 6 superconformal U{N) x 
U{M) and SU{N) x SU{N) gauge theories, and the A/" > 6 superconformal f/(l) x f/(l) 
gauge theories. The detail study of our theories will be presented elsewhere. Although the 
Chern-Simons level k for the A/" = 6 superconformal U{N)k x U{M)^k gauge theories should 



be equal to or larger than \N — M\ 2l|], i.e., k > \N — M\, we will neglect this subtlety for 



simplicity in the following discusssions. 



A. Af = 6 Superconformal U{N) x U{M) Theories 

Following the ABJM construction [l^, we consider the J\f = 3 supersymmetric U{N) x 
U (M) theories. Starting from the field content of an A/" = 4 supersymmetric theory, we need 
to add to the U{N) and U{M) vector multiplets the auxiliary chiral multiplets $ and 
in the U{N) and U{M) adjoint representations, respectively. Moreover, we introduce two 
hypermultiplets whose chiral superfields are in the bifundamental representations (N, M) 
and (N,M). To be concrete, we denote the bifundamental chiral superfields as {Zi)aa and 
iWi)aa with i = 1,2, where a (a) and a (a) are (anti-)fundamental indices for U{N) and 
U{M), respectively. We also choose the Chern-Simons levels of the two gauge groups to be 
equal but opposite in sign. The superpotential in our theories is 

W = (tr$'2 - Tr$^) + tr (Wi^Zi) + Tr (W^^'Zf) , (1) 

OTT 

where Tr and tr are the traces for U{N) and U{M) gauge groups, respectively, and the 
upper index T means transpose. Because there are no kinetic terms for the auxiliary fields 
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$ and 



we can integrate them out and obtain the superpotential 



W 



27r 

T 



{Tr{Z,W,ZjWj) - tr{Zjwf ZJWJ)) 



(2) 



So, we can rewrite it as follows 



W = — e^'^e'^'^Tr {Z^W^Z^W^) . 



(3) 



Thus, there are exphcit SU{2) x SU{2) symmetry acting respectively on the Zi and Wj. 
In addition, we have SU{2)r symmetry under which the bosonic components Zi and w* 
of Zi and W* transform as a doublet. Because the SU{2)ji symmetry does not commute 
with the above SU{2) x SU{2) symmetry, we can have the SU{A) global symmetry under 
which the four bosonic fields (zi, ^2, w^, w'^ transform in the fundamental 4 representation. 
The supercharges can not be singlets under this SU{A) because SU{2)r is R-symmetry. 
Note that the generic three-dimensional superconformal theories have SO{N) R-symmetry 
with the supercharge in the fundamental representation, we should have at least Af — 6 
superconformal symmetry. 

If N is equal to M, similar to the above discussions, we can construct the three- 
dimensional J\f — S superconformal SU (N) x SU{N) theories as well. In this case, we can 
have another global U{l)b baryon number symmetry under which Zi and Wi have charges 
-1-1 and —1, respectively. And we would like to emphasize that our SU{2) x SU{2) theory 
has enhanced 5*0(8) R-symmetry and then is the same as the BLG theory. 

Furthermore, our U (N) x U (M) theories are related to the ABJM U (N) x U (M) theories 
by the following transformation on the generators of the second gauge group U (M) 



B. Superconformal U{1) x U{1) Gauge Theories with SU{2n) Global Symmetry 

Similar to the above subsection, we consider the — 3 supersymmetric U{1) x U{1) 
gauge theories and begin from the field content of an jV = 4 supersymmetric theory. The 
auxiliary chiral multiplets for the first and second U{1) are $ and respectively. For the 
matter fields, we consider two scenarios 

(I) We introduce n hypermultiplets whose chiral superfields have U{1) x U{1) charges 
(-1-1, —1) and (—1,-1-1). To be concrete, we denote the bifundamental chiral superfields as 
{Zi)aa and {Wi)aa with i — 1,2, n, where a (a) and a {a) are the charge -|-1 (—1) indices 
for the first and second C/(l)s, respectively. We also choose the Chern-Simons levels of the 




(4) 
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two gauge groups to be equal but opposite in sign. The superpotential is 

W ^ ^ ($'^ - + Wi^Zi - Wi^'Zi . (5) 

In general, we only need to require that the Chern-Simons level of U{l)s be a rational 
number, i.e., k = p/q where p and q are relatively coprime. 
Integrating out $ and we obtain 

= — {ZiWiZjWj - ZiWiZjWj) = . (6) 

Interestingly, the superpotential vanishes. Therefore, we have SU{n) x SU{n) global sym- 
metry acting on Zi and Wi, respectively. Because SU (2)^ symmetry does not commute with 
this SU (n) X SU (n) symmetry, we should have an SU{2n) global symmetry under which the 
bosonic fields {zi, Z2, Zn,wl,W2, ...jW^) transform in the 2n fundamental representation 
of SU{2n). Note that the supercharges can not be singlets under this S'C/(4) because its 
subgroup SU{2)r is R-symmetry, we conjecture that for n = 2, the R-symmetry is S'f/(4) or 
50(6); for n = 3, the R-symmetry is SO{y) (5f/(6) D USp(<6) ~ 50(7)); and for 4 < n < 8, 
the R-symmetry is S0{2n) or S0{2n + 1). In Section IV, we will derive the U{1) x U{1) 
gauge theory with n = 4 from the BLG theory, and then it has at least 5*0(8) R-symmetry. 

(II) Wc can introduce n hypermultiplets whose chiral superfields have U{1) x U{1) charges 
(+1,+1) and (—1,-1). We denote the bifundamental chiral superfields as [Z'^aa and 
{W'^)aa- And the Chern-Simons levels of the two gauge groups are chosen to be equal but 
opposite in sign. The superpotential is 

= A ($'2 _ ^ W[^Z'- + W[^'Z[ . (7) 

Integrating out $ and we obtain 

27r 

w ^ — {z[w[z\w\ - ziw;z'jw;) = o . (s) 

Because all the rest discussions are the same as those in the above scenario, we will not 
repeat them here. 

Furthermore, the U{1) x U{1) gauge theories with n pairs of chiral superfields whose 
U{1) X U{1) charges are (±1, =Fl) arc related to the U{1) x U{1) gauge theories with n pairs 
of chiral superfields whose U{l)xU{l) charges are (±1, ±1) via the following transformation 
on the gauge field of the second U{1) 

A, -A, . (9) 



6 



III. RELATIONS AMONG THE THREE-DIMENSIONAL 7^ > 5 SUPERCON- 
FORMAL GAUGE THEORIES 

Let us briefly review the ABJM theories with generic gauge groups U{N) x U{M) or 



SU{N) X SU{N) 13|. Following the convention in Ref. 23||, we can write the explicit 



Lagrangian as follows 



C = 2Ke^'''Ti (^A^d.Ax + jA^A^A^ - A^dJx - jA^A.A,^ - Tr {{V^ZyV^'Z 
where 

K = — , (11) 

Z^ = X^ + iX^, Z^ = X^ + iX\ Wi = X^^ - iX''^ , W2 = X^^ - iX^^ , (12) 

where X* belongs to the bifundamental (N, M) representation of U{N) x U{M), or the 
bifundamental (N,N) representation of SU{N) x SU{N). Also, {Z\C) and {Wi,uji) form 
chiral superfields. For simplicity, we will not distinguish the trace between the U{N) and 
U{M). To write the potential V-qos and Vperm that are invariant explicitly under SU{^ 
R-symmetry, we define 

= {Z\ W^^} , Yl = {Zl Wa} , (13) 

= {tABee-^-l\ - e^B^^^e^^/n , = {-e^^Cle^'^/^ e^'^UBC-'-/'} . (14) 

And then, we have 



^Bos = --i^Tr [Y^YlY^Y^Y^'Y^ + YlY^Y^Y^YiY^ 



1 

48^2 

+AY^yIy^yIy^Y^ - GY^Y^Y^yIy^'Y^^ , (15) 

^Ferm = (y^Y ^ tfj''^ ^ B " F^yj^B^^^ + 2Y''YI^a^''^ " 2Y\Y'' ifj^^ i/Jb 

-e^^'^^YlijBYiiJn + eABCoY^r'Y^^P''') • (16) 
For convention, we choose 

TiiT^T') = ^Sat , [T^ T'] = lUcT" , (17) 
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where T"-'^''^ are the generators of the corresponding gauge group. 

The Lagrangians for our jV = 6 superconformal U(N) x U(M) and SU(N) x SU(N) 
theories are similar to the above ABJM theories except that X* belongs to the bifundamental 
(N, M) representation for U (N) x U (M) or the bifundamental (N, N) representation for 
SU{N) X SU{N). Moreover, we obtain the Lagrangians for the J\f — 5 superconformal 
0{N) X USp{2M) gauge theories from the above ABJM theories by changing the gauge 
groups to 0{N) X USp{2M) and requiring the reality conditions 

(W^^^)ae. = S^^uj^pe^^iZ^*)-,^ , (18) 

where cua/s is the anti-symmetric invariant tensor of U Sp{2M) . 

In the ABJM and our theories, the U{N) x U{N) theories are related to the SU{N) x 
SU (N) theories. Roughly speaking, the ABJM U (N) x U (N) theories are the direct sum of 
the ABJM SU{N) x SU{N) theories and our U{1) x U{1) theories that have n = 2N^ pairs of 
bifundamental chiral superfields with U{1) x U{1) charges (±1, ::f1)- And our U{N) x U{N) 
theories are the direct sum of our SU (N) x SU (N) theories and our U{l)xU (1) theories that 
have n — 2N'^ pairs of bifundamental chiral superfields with U{1) x C/(l) charges (±1, ±1). 
Exactly speaking, these statements are not completely correct since the matter fields are 
the same matter fields for both SU{N) x SU{N) and C/(l) x U{1) theories. Thus, in the 
following discussions, we will concentrate on the U (N) x U (M) theories proposed by ABJM 
and us for simplicity. 

To study the relations among the J\f > 5 superconformal Chern-Simons gauge theories, 
similar to the Wilson line gauge symmetry breaking, we introduce a discrete symmetry to the 
ABJM U{N) X U (M) theories, our U (N) x U (M) theories, and the = 5 superconformal 
0{N) X USp{2M) Chern-Simons gauge theories. Requiring that the theories be invariant 
under the discrete symmetry, we obtain the new three-dimensional superconformal Chern- 
Simons gauge theories. For simplicity, we shall only consider the Z2 symmetry in this paper. 

A. Relations Among the = 6 Superconformal U{N) x U{M) Theories 

We consider the ABJM theories and our theories with U{N) x U{M) group. And we 
introduce the following Z2 transformations that act on the gauge fields and A^ 

A^ QA^Qt ^ _^ Q^^Qt ^ (19) 

where = 1, and 0."^ = 1. For the ABJM theories, the matter fields {Z'\Q) and [Wi^uJi) 
transform as 

{z\ c) — > {nz'n\ ncn^) , {Wi, uji) — > nui^^) . (20) 
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And for our U{N) x U{M) theories, the matter fields transform as 

{z\ c) — > {nz'h'^, nch^) , {Wi, Ui) — > {n'^Wtn, n^Uin) . (21) 

To derive the new theories, we choose the folowing representations for f2 and f2 

Q = f^^^^^^ ° ] , ^ = (^'''''''' ° ] , (22) 

\ —In2xN2 J \ ^ ~Im2xM2 ) 

where /nxn is the n by n indentity matrix. In addition, A^l > 0, N2 > 0, Ml > 0, 
M2 > 0, Nl + N2 = N, and Ml + M2 = M. Therefore, the three-dimensional X = 6 
superconformal Chern-Simons gauge theories with group U{N) x U{M) are broken down 
to two decoupled three-dimensional A/" = 6 superconformal Chern-Simons gauge theories 
with groups U{N1) x f/(Ml) and U{N2) x f/(M2). Also, if A^2 = (or M2 = 0), we 
will have pure Chern-Simons gauge theories with group U{M2) (or U{N2)) which can have 
any desired amount of supersymmetry [1]. In short, we have showed that in the ABJM 
theories and our theories, the A/" = 6 superconformal U {N') x U{M') Chern-Simons gauge 
theories can be obtained from A/" = 6 superconformal U (N) x U (N) Chern-Simons gauge 
theories, and the Af = 6 superconformal U {N') x U {N') Chern-Simons gauge theories can 
be obtained from the A/" = 6 superconformal U{N) x U (M) Chern-Simons gauge theories, 
where N' < N, M' < N, and A^' < M. 



B. Relations between the M = 6 Superconformal U{N) x U{M) Chern-Simons 
Gauge Theories and the M = 5 Superconformal 0{N) x USp{2M) Chern-Simons Gauge 
Theories 

First, we would like to derive the A/" = 5 superconformal 0{N) x U Sp{2M) Chern-Simons 
gauge theories from the A/" = 6 superconformal U (N) x U{2M) gauge theories proposed by 
ABJM and us. We introduce the following Z2 transformations that act on the gauge fields 

and 

^ ' ^^ ^ J^ijlJ ) (23) 

where 

J = f » . (24) 

For the ABJM theories, the matter fields transform as 

iy^)aa. ^ J^^^abO^^*)bpJpa. i (25) 
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and for our theories, the matter fields transform as 



aa 



(26) 



where a and h are U (N) indices, and a and P are U{2M) indices, and 



/ l\ 



0-10 



(27) 



J 
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Also, the transformations for ipA are similar to those for Y^. 

Similar to the D-branes on the orientifold planes, we break the U{N) x U{2M) gauge 
symmetry down to the 0{N) x USp{2M) gauge symmetry. In addition, the SU{A) R- 
symmetry is broken down to the USp{A) due to J projections. And we only have a single 
bifundamental hypermultiplet, or equivalently a pair of bifundamental chiral superfields. 
Therefore, requiring that the new theory be invariant under the transformations in Eqs. (!23|) 
and fl2^ or fl2Bl) . we obtain the three-dimensional A/" = 5 superconformal 0{N) x USp{2M) 
Chern-Simons gauge theories since USp^i) ~ 50(5). 

Note that S0{2) ~ U{1), the J\f = 5 superconformal symmetry in the 0(2) x USp{2M) 
Chern-Simons gauge theories is enhanced to the A/" = 6 superconformal symmetry. The 
point is that under the gauge symmetry f/(l) x USp{2M), we will have two bifundamental 
hypermultiplets, or equivalently two pairs of bifundamental chiral superfields. And then, 
the R-symmetry is indeed S'f/(4). Thus, we can derive the A/" = 6 superconformal U{1) x 
USp{2M) Chern-Simons gauge theories from the ABJM theories and our theories with 
gauge group f/(2) x f/(2M). Ahhough SO (3) ~ SU{2) and SO (6) - 5f/(4), we can show 
that there is no enhanced 5*0(6) superconformal symmetry in the A/" = 5 superconformal 
0(3) X USp{2M) and 0(6) x USp{2M) gauge theories. 

For A/" = 5 superconformal G2 x USp{2) Chern-Simons gauge theory, it seems to us 
that we might not have the multiple M2-branes' interpretation. However, we indeed might 
obtain such theory from the A/" = 5 superconformal 0{N) x USp{2M) Chern-Simons gauge 
theories. Note that G2 is a special maximal subgroup of 50(7), it seems to us that the 
A/" = 5 superconformal G2 x USp{2) Chern-Simons gauge theory might be derived from the 
A/" = 5 superconformal 0(7) x USp{2) Chern-Simons gauge theory. 

In short, from the ABJM U{N) x U{M) theories and our U{N) x U{M) theories, we can 
derive the A/" = 5 superconformal 0{N) x USp{2M) Chern-Simons gauge theories and the 
A/" = 6 superconformal U{1) x USp{2N) Chern-Simons gauge theories, and might derive the 
A/" = 5 superconformal G2 x U Sp{2) Chern-Simons gauge theory. 
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Next, we will derive the ABJM U{N) x U{M) theories and our U{N) x U{M) theories 
from the A/" = 5 superconformal 0{2N) x USp{2M) Chern-Simons gauge theories. We 
denote the gauge fields of 0{2N) and USp(2M) as and A^, and the bifundamental 
hypermultiplet in terms of two bifundamental chiral superfields Sqq, and S^a where a and 
a are indices for 0{2N) and USp{2M), respectively. Following the Ref. j24], we choose the 
following generators for U (N) 

{Tah)ij = i^a,b)ij = SaiSbj , (28) 

where a and b are from 1 to N. In addition, we choose the generators for S0{2N) as follows 

Tab = ea,6 - ea+N,b+N , 

Tab = ea,b+N - eb,a+N , wherc a<b , 

T^h = ea+N,b - eb+N,a , where a<b , (29) 

where a and b are from 1 to with possible extra conditions on a given above. And we 
choose the following generators for U Sp{2M) 



Tab = ^a.fe - ea+M,b+M , 
Tab = ^a,b+M + eb,a+M , 

Tab = ^a+M,b + eb+M,a , (30) 



where a and b are from 1 to M. 

The fundamental representation of S0{2N) can be decomposed as the representations of 
SU{N) X f/(l) as follows 

2N (N,+l)© (N,-l) , (31) 

where we have normalized the U{1) properly. Also, the fundamental representation of 
USp{2M) can be decomposed as the representations of SU{M) x U{1) as follows 

2M — ^ (M,+l) © (M,-l) . (32) 

Simiar to the above discussions, we introduce the following Z2 transformations that act 
on the 0{2N) and USpi2M) gauge fields and A^, and the matter fields S and S 

Ap^ > VtApiVt , > VtApiVt , (33) 

S — > VLTn , S — > ntVt . (34) 
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To derive the ABJM theories with U{N) x U{M) gauge group, we choose 

n = f^^^^ ^ ] , h = f-^^^x*^ ] . (35) 



/ 



So, the 0{2N) x USp{2M) gauge symmetry is broken down to the U{N) x U{M) sym- 
metry. Also, we obtain a pair of chiral superfields in the U{N) x U{M) bifundamental 
representations (N, M) and (N, M) from S, and another pair of chiral superfields in the 
same representations from S. Therefore, we can have the enhanced S'f/(4) R-symmetry and 
indeed derive the M = Q superconformal ABJM theories with gauge group U{N) x U{M). 
Furthermore, to derive our theories with U (N) x U (M) gauge group, we choose 



n = ^^^^ " > ^ = • (36) 





Thus, the 0{2N) x USp{2M) gauge symmetry is broken down to the U{N) x U{M) sym- 
metry. Moreover, we obtain a pair of chiral superfields in the U{N) x U (M) bifundamental 
representations (N, M) and (N, M) from S, and another pair of chiral superfields in the 
same representations from E. Therefore, we can also have the enhanced SU{A) R-symmetry 
and derive our M = Q superconformal theories with gauge group U{N) x U{M). 

IV. THREE-DIMENSIONAL M = 8 SUPERCONFORMAL C/(l) x ^7(1) THEORY 
FROM THE BLG THEORY 

We shall briefly review the BLG theory in the product gauge group formulation by van 
Raamsdonk 6|. In this formulation, the BLG theory is rewritten as a superconformal Chern- 
Simons theory with the SU{2) x SU{2) gauge group and bifundamental matters, which has 
a manifest global 5*0(8) R-symmetry. The Lagrangian is given by [gI 

C = Tt Q^e^-^^A^d^Ax + jA.A^Ax) - ^e^''\A,dJx + jA.aJ^) 

3 

-'^^^TuiX^X-^^^ + X'^^^X^ + ^X^^X-^)^ , (37) 

where the fermions \E' are represented by 32-component Majorana spinors of 5*0(1, 10) sub- 
ject to a chirality condition on the world volume which leaves 16 real degrees of freedom. 
And the covariant derivative is 

V^X = d^X + lA^X - %X\ . (38) 
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The Chern- Simons level k is related to / as follows 

/ = f. (39) 

The bifundamental scalars are related to the original BLG variables with SO {A) 
index a through 

X' = ^{x[h^2 + ixla') , (40) 

where are the Pauli matrices. And there is a similar expression for spinor ^. Also, the 
scalars need to satisfy the reality condition 

XL = (X^Y' ■ (41) 

To be concrete, we define as following 

where 



V2 \ —w" 



" ;7f(^4 + ^^3) , = -^i^ + i^) ■ (43) 

Moreover, the SU (2) x SU (2) gauge transformations are 

UA^U^ - iUd^U^ , 1^ ^ UAi,U^ - iUd^U^ , X^ UX^U^ . (44) 

Similar to the last Section, we consider the Z2 discrete symmetry. Under Z2 symmetry, 
the gauge fields and matter fields transform as follows 

^ QAi^Q^ , ^ QAi.Q'^ , X^ QX^Q^ . (45) 

The transformations for are similar to these for X^ . And there are three kinds of inde- 
pendent and non-trivial representations for Q and Q 
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For the first case with Q and Q in Eq. f H6|) . the gauge group SU{2) x SU{2) is broken down 
to SU{2) X U{1). In addition, the components and of are projected out. So the 
reahty condition in Eq. (HTj) can not be satisfied. Note that only the components z^ and 
of can not form the complete chiral superfields under the remaining gauge symmetry 
SU{2) X f/(l). In order to have the complete complex representation under SU(2) x f/(l), 
we redefine 

/ z' + iz'+* \ , , 

where i =1, 2, 3, 4. The discussions for the spinor are similar. Thus, we have four chiral 
superfields in the bifundamental representation of SU{2) x f/(l). And then, we obtain the 
three-dimensional Af = 6 superconformal SU{2) x f/(l) theory, i.e., the ABJM theory and 
our theory with group SU{2) x f/(l) since these two theories are identical in this case. The 
discussions for the second case with and in Eq. fHTj) are the same as the first case since 
they are related by the parity symmetry. 

The most interesting case is the third one with and in Eq. ( HSj) . We break the 
SU{2) X SU{2) gauge symmetry down to its Cartan subgroup U{\) x f/(l), and we project 
out the components and . Thus, we have eight complex scalar fields z^ with charge 
(+1, —1) under gauge group U{1) x f/(l). The discussions for the spinor \1/ are similar, and 
we get a complex Dirac fermion with charge (+1,-1) under gauge group U{1) x f/(l). 
Similar to Ref. [23^, we can rewrite (2;*, ip) as 8 chiral superfields, which will not be discussed 
here. Because we do not break the supersymmetry, we obtain the three-dimensional A/" = 8 
superconformal U{1) x f/(l) gauge theory. And the Lagrangian is 

C- = ^e'^^" [Ald.Al - A?^d,Ai) - {V^z'yv^z' + i^j^V^V ^^j , (50) 

where the covariant derivative is 



V,z' = d,z^+'-{Al-Al)z^ . (51) 



We define 



= + ' «M = K^-^J) • (52) 

And then we rewrite the above Lagrangian in Eq. fl50|) as follows 

C = jje^^'a^U - {V^z')^V^z' + ^tp^p^^ , (53) 

where 

ffiv = di^au - d^a^ , V^z^ = d^z^ + ia^z^ . (54) 
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So, only the gauge field couples to the matter fields. In particular, because the gauge 
symmetry in our theory is U{1) x f/(l), the level k can be a rational number in general, i.e., 
k = p/q where p and q are relatively prime. We would like to point out that this U{1) xU{l) 
gauge theory derived from the BLG theory is the same as our U{1) x f/(l) theory with four 
pairs of chiral superfields whose U{1) x f/(l) charges are (±1, =f1)- 

A. Moduli Space 

We will study the moduli space of our f/(l) x f/(l) theory, and focus on the gauge 
fields and scalar fields. The discussions are similar to those in Refs. 0, S]. The gauge 
transformations for A^, and A^, are 

Al^Al-d,e, Al-^Al-d,e, (55) 

so we obtain the gauge transformations for a^, a^, and 

/ _^ e^(^-^)/2/ , a^^a,~ ^{d,9 + d,9) , a, - ^{d,9 - d,9) . (56) 

We define 

a ^ ^-{9 + 9) , a ^ ^-{9-9) , (57) 

Then we obtain the gauge transformations for a^, a^, and 

/ — > e*"/ , — > - d^a , — > - . (58) 

We emphasize that both a and a have period 27r, which is consistent with the 2tt period for 
z'. 

Moreover, we introduce a Lagrange multiplier term 

= ^cre^'^XU , (59) 

where a is a new scalar field and has period 2tt. And then we can treat as an independent 
variable. 

Therefore, the relevant Lagrangian for the gauge and scalar fields is 

C= -\d^z' + ta^z'\^ + ^e'^''XU + ^ae'^''%U. (60) 
From the equation of motion for /^i,, we have 

= ^-9^^ • (61) 
15 



Using this, we obtain the reduced action 

H = -\d,z' + ^id,a)z'\' . (62) 
From the Eqs. fl58l) and fl6Tl) . we obtain the new gauge transformations for and a 

/ — > e^"/ , a — >a-ka . (63) 

Fixing the gauge a = 0, we still have the residual gauge transformation 

, , 2n7r , , 

a{x) = —— . (64) 

rC 

Thus, the moduli space is characterized by a set of eight complex numbers z^ , and the 
residual symmetry transformations are 

and 

z^ — >z^. (66) 
Therefore, we conclude that for /c = 1, the moduli space is 

(M* X R^)/Z2 , (67) 

for k = 2, the moduli space is 

(R« X M«)/(Z2 X Z2) , (68) 
and for k > 2, the moduli space is 

(M® X RS) /Dihfc , (69) 

where Dih^ is the dihedral group. 

For k = p/q in general, the discussions of moduli space are similar to the above, so we 
will not present them here. 



B. Novel Higgs Mechanism 



Similar to the Refs. 



12], we can obtain the D-brane action via the novel Higgs mech- 



anism. For simplicity, we focus on the gauge fields here. Because we have the SU{8) global 
symmetry, we can always make the rotation so that only the scalar field z^ develops a vacuum 
expectation value (VEV) 

= V . (70) 
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Then becomes massive, and we obtain the relevant Lagrangian for gauge fields 

^ = ^^'"XU - v'al , (71) 
where the second term comes from the kinetic term of z^. Integrating out a^, we obtain 

^ ^ "32^^''''^'^" ■ ^^^^ 
Thus, the gauge field becomes a dynamical field, and its gauge coupling is 

g = 2V27r^ . (73) 

So, for very larg v and k, we can still fix the gauge coupling g as a. constant. 

Because we have eight chiral superfiels from and ip, we should have another decoupled 
f/(l) gauge field in addition to if we only have A/" = 8 superconformal symmetry. To be 
concrete, we shall choose the unitary gauge, and define as follows 

z' ^ i=pe^^ . (74) 



From the kinetic term of z^, we obtain the kinetic term for p 

1 
2 



^ = -hd,p + iB,p\' , (75) 



where 

= + d^(f) . (76) 
And the Chern-Simons term for the gauge fields becomes 

^e'^'^jux = ^e^"' {B,U, - 9^0/.a) . (77) 

Using the Bianchi identity for f^x, the last term in the above Lagrangian vanishes. Giving 
the following VEV to p 

(P) = V2v , (78) 
we obtain the relevant Lagrangian for gauge fields 

C = ^^'"'B.U - v'Bl . (79) 

Integrating out the gauge field i?^, we obtain the same action for given in Eq. (172|) . 

Therefore, the physical picture is the following: the field is eaten by the gauge field B^, 
and the gauge field becomes dynamical after 5^ is integrated out. Equivalently speaking, 
the field is eaten by the gauge field a^. In addition, p is dual to the decoupled U{1) gauge 
field, which explains why we have eight chiral superfields from z^ and ip. In the unitary 
gauge, similar discussions can be applied to the novel Higgs mechanism in all the Af > 5 
superconformal Chern-Simons gauge theories. 
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V. DISCUSSION AND CONCLUSIONS 



In this paper, we have proposed the three-dimensional Af = Q superconformal U (N) x 
U (M) gauge theories with two pairs of bifundamental chiral supcrfields in the (N, M) and 
(N, M) representations, and the Af = Q superconformal SU (N) x SU (N) gauge theories with 
two pairs of bifundamental chiral superfields in the (N, N) and (N, N) representations. For 
our SU {N) X SU{N) theory with = 2, we reproduced the BLG theory. We also proposed 
the superconformal U{1) x U{1) gauge theories that have n pairs of bifundamental chiral 
superfields with the f/(l) x U{1) charges (±1,=f1), or the U{1) x U{1) charges (±1,±1). 
Although these theories have global symmetry SU{2n), the R-symmetry is 5*0(6) for n — 2 
and might be S0{2n) or S0{2n + 1) for 3 < n < 8. 

In addition, we showed that in the ABJM U{N) x U{M) theories and our U{N) x U{M) 
theories, the J\f = Q superconformal U{N') x U{N') Chern-Simons gauge theories can be 
obtained from the J\f — 6 superconformal U{N) x U{M) Chern-Simons gauge theories, 
and vice versa. Moreover, we proved that the A/" = 5 superconformal 0{N) x USp{2M) 
Chern-Simons gauge theories can be derived from the ABJM U (N) x U (2M) theories and our 
U{N) X U{2M) theories. Also, both the ABJM U{N) x U{M) theories and our U{N) x U{M) 
theories can be derived from the J\f — 5 superconformal 0{2N) x USp{2M) Chern-Simons 
gauge theories as well. Moreover, we explained that the SO{5) R-symmetry in the J\f — 5 
superconformal 0{2) xUSp{2N) gauge theories is enhanced to SO{6), and then we obtained 
the Af — 6 superconformal U{l)xU Sp{2N) gauge theories. Because G2 is a special maximal 
subgroup of SO{7), it seems to us that the Af = 5 superconformal G2 x USp{2) Chern- 
Simons gauge theory might be obtained from the Af — 5 superconformal 0(7) x USp{2) 
Chern-Simons gauge theory. 

Furthermore, we derived the three-dimensional jV = 8 superconformal C/(l) x C/(l) gauge 
theory from the BLG theory, which can be considered as our superconformal C/(l) x U{1) 
gauge theory with four pairs of chiral superfields whose C/(l) x U{1) charges are (±1, ^1). 
Also, we have studied the moduli space in details. Considering the novel Higgs mechanism in 
the unitary gauge, we suggested that this theory may describe a D2-brane and a decoupled 
D2-brane. 
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